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Abstract
In this paper we study the relativistic quantum mechanical scattering
of a bosonic particle by an infinite straight cosmic string, considering the
non-minimal coupling between the bosonic field and the scalar curvature.
For the idealized cosmic string, an effective two-dimensional delta-function
interaction takes place besides the usual topological scattering. In this case
the dimensionless coupling parameter must be renomalized in order to make
this problem consistent.
PACS numbers: 03.65.Pm, 98.80.Cq
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1 Introduction
The non-relativistic classical and quantum scattering of a massive particle in
a locally flat conical two-geometry was developed a few years ago by Deser
and Jackiw [1]. They showed that there is a topological quantum scattering
amplitude which presents a singular behavior for scattering angles close to
w = π(α−1− 1), where α is a parameter smaller than unity which codify the
presence of a conical geometry. These results were extended by allowing the
source or the test particle, or both, to carry angular momentum[2]. In another
paper by Gibbons and others[3], the non-relativistic scattering problem on a
cone was also analyzed but at this time considering a charged particle and
its Coulomb self-interaction.
In this paper we analyze the relativistic scattering problem for a bosonic
spin zero particle in a conical space-time, considering the covariant coupling
between the scalar field ψ(x) with the geometry, the so-called non-minimal
coupling. This term, which is an invariant one, is expressed by ξRψ, ξ being
a dimensionless arbitrary parameter and R the scalar curvature. Because the
scalar curvature for an idealized cosmic string space-time is proportional to
a two-dimensional delta-function, this quantum mechanical problem possess
a non-trivial dynamics: as we shall see, only the s-wave component interacts
with this delta-potential which indicates that this analysis should be made
in a more systematic way.
The analysis of the non-relativistic quantum mechanical problem of a par-
ticle in the presence of a delta-function potential in two and three dimensions
has been done by Jackiw [4], who pointed out that a dimensionless bare cou-
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pling constant must be cut-off dependent and that it is necessary to introduce
a renormalized coupling constant in order to make this problem consistent.
Also analyzing the fermion-fermion effective potential for a Maxwell-Chern-
Simons theory [5] and a massive Thirring model [6] in a (2+1)-dimensional
space-time, a two-dimensional delta-function potential emerges in both mod-
els under specific circumstances, and also a systematic approach to provide
a self-adjoint extension of the respective Hamiltonians operators were per-
formed. The inclusion in our system of the non-minimal coupling between the
scalar field and scalar curvature of an idealized cosmic string space-time, as
far as we know, is the first example where an effective two-dimensional delta
function interaction naturally occurs in a relativistic quantum mechanical
problem. Moreover, our analysis has as a purpose to consider the scattering
problem in a more general case and also to present a delta-potential interac-
tion under the geometrical point of view.
This paper is organized as follows. In the Sec. 2, we analyze the rela-
tivistic scattering problem of a scalar particle by an idealized cosmic string
considering the non-minimal coupling between this field and the scalar cur-
vature. In Sec. 3, we consider the scattering of a charged particle, taking into
account its repulsive induced self-interaction. As we shall see the inclusion
of this term produces a complete changing in the analysis developed in the
previous section. Finally, we leave for Sec. 4 our conclusions and discussion.
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2 Relativistic Quantum Scattering by a
Cosmic String
In this section we study the scattering of a scalar particle in the space-time
of a cosmic string. We analyze the relativistic scattering considering a non-
minimal coupling in the Klein-Gordon equation, ξRψ, between the particle
and geometry. The coefficient ξ is an arbitrary dimensionless coupling con-
stant and R the scalar curvature.
The line element corresponding to the space-time of a cosmic string is
given by
ds2 = −dt2 + dr2 + α2r2dθ2 + dz2, (1)
where α = 1− 4µ < 1, µ being the linear mass density of the cosmic string.
(Here we are considering G = c = 1).
The Klein-Gordon equation in a general space-time with a non-minimal
coupling can be written as
[
✷
2 −
(
m
h¯
)2
− ξR
]
ψ (~r, t) = 0, (2)
where ✷ is the covariant d’Alembertian operator, and m is the mass of the
particle.
In the space-time of a cosmic string described by (1), the above equation
turns into
4
[
− ∂
2
∂t2
+
1
r
∂
∂r
r
∂
∂r
+
1
α2r2
∂2
∂θ2
+
∂2
∂z2
−
(
m
h¯
)2
− ξR
]
ψ (~r, t) = 0, (3)
where the scalar curvature is given by R = R (r) = 2 (1− α) δ (r) /αr.
As the space-time under consideration is static and invariant under trans-
lations in the z direction, the wave function that solves eq.(3) can be written
as
ψn (r, θ, z, t) = un (r, θ) exp
(
−iEt
h¯
)
exp (ikzz) , (4)
kz being the propagation vector along the z direction and E the energy of
the particle.
Substituting (4) into (3), our problem turns into an effective bidimen-
sional one given by the following equation
[
1
r
∂
∂r
r
∂
∂r
+
1
α2r2
∂2
∂θ2
+ k2
]
un (r, θ) = V (r)un (r, θ) , (5)
where V (r) = ξR (r) and k2 = E
2−m2
h¯2
− k2z .
The most efficient procedure to deal with a differential equation that
presents a delta distribution, is to transform it into an integral equation, for
example, the Lippman-Schwinger equation, which is the appropriate one in
our case. Let us consider that the two-dimensional incident wave in the coni-
cal space can be decomposed by combining Bessel and exponential functions
as J |n|
α
(kr)einθ, where n is an integer number [1]. In this way the Lippman-
Schwinger equation for the n-component wave function becomes
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un (r, θ) = J |n|
α
(kr) exp (inθ)
+α
∫ ∞
0
∫ 2pi
0
r,dr,dθ,Gn (r, θ; r
,, θ,) V (r,) un (r
,, θ,) , (6)
where Gn (r, θ; r
,, θ,) is the n-th component of the Green function associated
with the operator in the l.h.s. of eq.(5).
Due to the fact that the solution of the homogeneous equation associated
with (5) is given as a product of Bessel and exponential functions, we can
conclude that the general solution for this equation can be obtained consid-
ering
un (r, θ) = Fn (k; r) exp (inθ) . (7)
Therefore, substituting (7) into (6), we get
Fn (k; r) = J |n|
α
(kr) + α exp (−inθ)
×
∫ ∞
0
∫ 2pi
0
r,dr,dθ,Gn (r, θ; r
,, θ,) V (r,)Fn (k; r
,) exp (inθ,) , (8)
where the Green function Gn (r, θ; r
,, θ,) satisfies the following equation
[
1
r
∂
∂r
r
∂
∂r
+
1
α2r2
∂2
∂θ2
+ k2
]
Gn (r, θ; r
,, θ,) =
1
αr
δ (r − r,) δ (θ − θ,) . (9)
Using the representation of the delta function in the angular variable by
δ (θ − θ,) = 1
2π
∑
n
exp [in (θ − θ,)] , (10)
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we can write the Green function using the ansatz
G (r, θ; r,, θ,) =
1
2π
∑
n
exp [in (θ − θ,)] gn (r, r,) , (11)
where gn (r, r
,) is an unknown function which obeys the following radial dif-
ferential equation
[
∂2
∂r2
+
1
r
∂
∂r
− n
2
α2
1
r2
+ k2
]
gn (r, r
,) =
1
αr
δ (r − r,) . (12)
The solution of the above equation can be obtained by the standard
procedure, and is given by
g (r, r,) = − iπ
2α
J |n|
α
(kr<)H
(1)
|n|
α
(kr>) , (13)
where r< (r>) represents the smaller (greater) value between r e r
,, and
H(1)ν (z) is the Hankel function.
Finally, substituting (13) into (11), we get
G (r, θ; r,, θ,) =
∑
n
(
− i
4α
)
exp [in (θ − θ,)] J |n|
α
(kr<)H
(1)
|n|
α
(kr>) , (14)
and consequently we can write
Gn (r, θ; r
,, θ,) = − i
4α
exp [in (θ − θ,)] J |n|
α
(kr<)H
(1)
|n|
α
(kr>) . (15)
Therefore using the result given by eq.(15), eq.(8) turns into
Fn (k; r) = J |n|
α
(kr) + iϑ
∫ ∞
0
dr,J |n|
α
(kr<)H
(1)
|n|
α
(kr>) δ (r
,)Fn (k; r
,) , (16)
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with ϑ = ξ (1− α)π/α. (We see from (16) that in the absence of a cosmic
string, α = 1, there is no scattering at all.)
In order to compute the integral in the above expression, let us divide the
interval of integration [0,∞) as [0, r > 0] ∪ [r > 0,∞). Then, we have
Fn (k; r) = J |n|
α
(kr) + iϑH
(1)
|n|
α
(kr)J |n|
α
(0)Fn (k; 0) . (17)
As the behavior of the Bessel function at the origin depends on its order,
we have to analyze the above equation in two different cases as follows:
i) For n = 0 (s wave) we have,
F0 (k; r) = J0 (kr) + iϑH
(1)
0 (kr)F0 (k; 0) . (18)
ii) For n 6= 0
Fn (k; r) = J |n|
α
(kr) . (19)
Equations (18) and (19) permit us to conclude that for n 6= 0, the wave
function does not interact with the delta function, so this term does not
interfere in the scattering process in this case.
Now, let us analyze the case n = 0 in more detail. Taking r = 1
Λ
→ 0
into eq.(18), we have
F0 (k; 1/Λ) =
1
1− ϑ
pi
[
2 ln
(
Λ
k
)
+ iπ
] , (20)
where the regularized expression for H
(1)
0 (k/Λ) [7] has been used.
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From eq.(20) we conclude that F0 (k; 1/Λ) → 0 when Λ → ∞. On the
other hand, substituting this result into eq.(18), we find that F0 (k; r) =
J0 (kr) , which in the limit r → 0, gives us F0 (k; 0) = 1. This result contradict
the previous one. As was pointed out in[4], this happens because of the
presence of a delta-potential in our effective two-dimensional Schro¨dinger
equation, eq.(5), which makes the system non-trivial. It is necessary to
construct a self-adjoint extension of the Hamiltonian operator, Hl=0, in order
to have a consistent theory. This procedure is equivalent to consider the bare
coupling to be cut-off dependent, ϑ (Λ) , and to introduce a renormalized
coupling constant, η (M) . In order to do that, let us proceed as follows: let
us rewrite eq.(20) in the form
ϑ (Λ)F0 (k; 1/Λ) =
1
1
η(M)
− 2
pi
ln
(
M
k
)
− i
, (21)
where the renormalized parameter η (M) is defined by
1
η (M)
=
1
ϑ (Λ)
− 2
π
ln
(
Λ
M
)
. (22)
Here M is a subtraction point. Let us assume also that ϑ (Λ) → 0 when
Λ → ∞, in such way that the right hand side of eq.(22) remains finite.
We also assume that F0 (k; 1/Λ) → ∞ in this limit, and that the product
ϑ (Λ)F0 (k; 1/Λ) is finite. Therefore, from (18), we find
F0 (k; r) = J0 (kr) + i
H
(1)
0 (kr)
1
η(M)
− 2
pi
ln
(
M
k
)
− i
, (23)
and as a consequence this incompatibility is ruled out.
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Notice that in this regularization procedure, the dimensionless coupling
parameter ξ becomes cut-off dependent. In fact this parameter is related
with ϑ by ϑ (Λ) = ξ (Λ) (1− α)π/α.
The coupling term that appears into eq.(2), can also be interpreted as a
correction to the mass of the particle. In this way, eq.(2) can be viewed as the
equation that describes the relativistic quantum behavior of a free particle
in the conical space-time with effective mass m (r) = (m2 + ξ (Λ)R (r))
1
2 ,
Now, let us study the scattering problem in this geometry and show up the
contribution of the non-minimal coupling term. In accordance with eq.(4),
the complete solution of eq.(3) is given by
ψ (r, θ, z, t) =
∑
n
anun (r, θ) exp
(
−iEt
h¯
)
exp (ikzz) , (24)
where an is a constant. As the energy of the scattered particle does not
depend on the quantum number n, we can write eq.(24) as
ψ (r, θ, z, t) = exp
(
−iEt
h¯
)
exp (ikzz)
∑
n
anun (r, θ) . (25)
Therefore, we have
u (r, θ) =
∑
n
anun (r, θ)
=
∑
n
anJ |n|
α
(kr)
+ iϑ (Λ)
∑
n
anH
(1)
|n|
α
(kr) J |n|
α
(0)Fn (k; 0) exp (inθ) . (26)
On the other hand, using the standard procedure we have
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u (r, θ)−−−−→r →∞ exp [ikr cos (θ)] +
√
i
r
f (θ) exp (ikr) , (27)
or
u (r, θ)−−−−→r →∞
∑
n
(i)n
√
2
πkr
cos
(
kr − nπ
2
− π
4
)
exp (inθ)
+
√
i
r
f (θ) exp (ikr) , (28)
where f (θ) is the scattering amplitude.
Let us consider the asymptotic behavior of eq.(26) which is given by
u (r, θ)−−−−→r →∞
∑
n
an
√
2
πkr
{cos
(
kr − |n| π
2α
− π
4
)
+
iϑ (Λ)J |n|
α
(0)Fn (0) exp
(
kr − |n|π
2α
− π
4
)
} exp (inθ) . (29)
From results given by eqs.(28) and (29), we get
an = exp
(
−i |n| π
2α
+ i |n| π
)
(30)
and
f(θ) =
1√−2πk
∑
n
{[exp(−i|n|ω)− 1]
+iϑ(Λ)J |n|
α
(0)Fn(0) exp(−i|n|ω)} exp(inθ), (31)
where ω = (α−1 − 1) π. In order to realize the sum that appears in the first
term of the above equation, we will follow the same procedure used in [1].
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The second term gives a contribution only in the case n = 0(s-wave). In this
way, eq.(31) turns into
f (θ) =
1√
2πk
{ sin (ω)
cos (ω)− cos (θ) − iπ[δ (θ − ω − 2πn)
+δ (θ + ω − 2πn)− 2δ (θ − 2πn)] + ϑ (Λ)F0 (0)}. (32)
Considering the portion of the scattered wave that leads to the delta
function contribution in f(θ) as belonging to the asymptote of a plane wave,
we can move its contribution to the incoming wave, so that we can redefine
the scattering amplitude as
f˜ (θ) =
1√
2πk

 sin (ω)cos (ω)− cos (θ) +
[
1
η (M)
− 2
π
ln
(
M
k
)
− i
]−1
 . (33)
The second term in the above equation is due to the non-minimal cou-
pling ξ (Λ)R (r) . It is evident that in the absence of the coupling term, the
scattering amplitude will be given by
f˜ (θ) =
1√
2πk
sinω
cosω − cos θ , (34)
which is the same result obtained in[1] for the non-relativistic case. Note
that when α = 1, the scattering amplitude vanishes, which is a consistent
result.
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3 Relativistic Quantum Scattering of a
Charged Particle
In this section, we want to study the scattering problem of a charged scalar
particle in the space-time of a cosmic string, taking into account the self-
interaction term which is given by Vext. = K/r, where r is the radial distance
form the particle to the cosmic string andK a positive constant[8]. Therefore,
in order to solve this problem, we have to introduce an additional term into
the Klein-Gordon equation corresponding to this self-interaction. To do this,
there are two different approaches: the first one considers[9], this term as the
temporal component of the four vector electromagnetic potential Aµ. So, the
self-interaction will produce the following change in the energy E → E+Vext..
The second one, considered in [10], takes this self-energy as a scalar potential.
This is equivalent to do a correction in the mass term as m→ m+ Vext.. In
this paper we shall adopt of the second approach in order to simplify our
problem. Then, following the second approach, the equation that describes
the behavior of the scalar particle is given by
[− ∂
2
∂t2
+
1
r
∂
∂r
r
∂
∂r
+
1
α2r2
∂2
∂θ2
+
∂2
∂z2
−
(
m
h¯
)2
− 2mK
r
−K
2
r2
+ ξR]ψn (~r, t) = 0. (35)
Using the same arguments of the previous section, we can write the solu-
tion of the above equation as
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ψn (r, θ, z, t) = Pn (r, θ) exp
(
−Et
h¯
)
exp (ikzz) . (36)
Substituting (36) into (35), we get the following differential equation for
the function Pn (r, θ)
[
1
r
∂
∂r
r
∂
∂r
+
1
α2r2
∂2
∂θ2
+ k2 − 2mK
r
− K
2
r2
]
Pn (r, θ) = V (r)Pn (r, θ) (37)
where V (r) = −ξR (r) and k2 = E2−m2
h¯2
− k2z .
In order to obtain the solution of eq.(37), we shall adopt the previous
procedure and write Pn (r, θ) as
Pn (r, θ) =
Mσ,γ (2ikr)√
r
exp (inθ)
+α
∫ ∞
0
∫ 2pi
0
r,dr,dθ,Gn,K (r, θ; r
,, θ,)V (r,)Pn (r
,, θ,) . (38)
The solution of the homogeneous equation associated with eq.(37), which
is regular at the origin is the Whittaker function Mσ,γn (2ikr), with σ =
imK
k
and γn =
√
n2
α2
+K2. The function that appears in eq.(37), Gn,K (r, θ; r
,, θ,) is
the n-th component of the Green function, GK (r, θ; r
,, θ) , , associated with
the operator in the l.h.s. of eq.(37), and must satisfies the following equation
[
1
r
∂
∂r
r
∂
∂r
+
1
α2r2
∂2
∂θ2
+ k2 − 2mK
r
− K
2
r2
]
GK (r, θ; r
,, θ,)
=
1
αr
δ (r − r,) δ (θ − θ,) . (39)
Writing the solution of eq.(37) as
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Pn(r, θ) = Hn(k; r)exp(inθ), (40)
and substituting into (38), we get
Hn (k; r) =
Mσ,γn (i2kr)√
r
+ αe−inθ
∫ ∞
0
∫ 2pi
0
r,dr,dθ,Gn,K (r, θ; r
,, θ,) {V (r,)
×Hn (k; r,) exp (inθ,)}. (41)
Using (10) to represent the delta function in the angular variable, we also
can write the Green function GK as
GK (r, θ; r
,, θ,) =
1
2π
∑
n
exp [in (θ − θ,)] gn,K (r, r,) . (42)
Putting eq.(42) into eq.(39), we have
[
d2
dr2
+
1
r
d
dr
−
(
γ2n
r2
+
2mK
r
− k2
)]
gn,K (r; r
,) =
1
αr
δ (r − r,) . (43)
We can see that (43) reduces to (12) in the limit K = 0. Taking
into account this fact, we can write the function gn,K (r; r
,) in such a way
that it reduces to (13), when we take K = 0. Therefore, we can ex-
press this function in the following way: when r 6= r,, the solution of the
above equation is given by g
(I)
n,K (r, r
,) = An,K
1√
r
Mσ,γn (i2kr) (r < r
,) and
g
(II)
n,K (r, r
,) = Bn,K
1√
r
W˜σ,γn (i2kr) (r > r
,), where Mσ,γn (i2kr) is the usual
Whittaker function, and the function W˜σ,γn (i2kr) is a function appropriately
constructed in such that in the limit K → 0, we get the function BnH(1)|n|
α
(kr).
The function W˜σ,γn (i2kr) is given by
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W˜σ,γn (i2kr) = −
Γ (−2γn)
Γ
(
1
2
− γn −K
)e−i2piγnMσ,γn (i2kr)
− Γ (2γn)
Γ
(
1
2
+ γn −K
)Mσ,−γn (i2kr) (44)
We can determine the constants An,K and Bn,K , using the continuity of
the function gn,K (r, r
,) at r = r, and the discontinuity of the first derivative
at this point. The continuity of gn,K (r, r
,) at r = r, gives us
An,KMσ,γn (i2kr
,) = Bn,KW˜σ,γn (i2kr
,) . (45)
Integrating (43) between r, − ε and r, + ε, we find the discontinuity of
gn,K (r, r
,) at r = r,, which is given by
[
∂
∂r
g
(II)
n,K (r, r
,)− ∂
∂r
g
(I)
n,K (r, r
,)
]
r=r,
=
1
αr,
. (46)
Therefore, substituting expressions for g
(I)
n,K (r, r
,) and g
(II)
n,K (r, r
,) into (46)
and using (45), we get the following equation
Bn,KW|r=r, =
1
αr,
1√
r,
Mσ,γ (i2kr
,) , (47)
where W is the Wronskian which is given by
W(r) = 1√
r
Mσ,γn (i2kr)
d
dr
[
1√
r
W˜σ,γn (i2kr)
]
− 1√
r
W˜σ,γn (i2kr)
d
dr
[
1√
r
Mσ,γn (i2kr)
]
. (48)
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In order to compute W, we shall use the asymptotic expressions for
Mσ,γn (i2kr) and W˜σ,γn (i2kr). These functions behave, near the origin as
[7]:
W˜σ,γn (i2kr)−−−→r → 0 −
Γ (2γn)
Γ
(
1
2
+ γn − imKk
) (i2kr) 12γn (49)
and
Mσ,γn (i2kr)−−−→r → 0 (i2kr)
1
2
+γn (50)
So, the Wronskian becomes
W = i Γ (2γn)
Γ
(
1
2
+ γn − imKk
) 4kγn
r
. (51)
Substituting the expression for the Wronskian into eq.(47), we get
Bn,K =
i
4kγnεα
1√
r,
Mσ,γn (i2kr
,) (52)
and as a consequence
An,K =
i
4kγnεα
1√
r,
W˜σ,γn (i2kr
,) , (53)
where ε = − Γ(2γn)
Γ( 1
2
+γn−imKk )
. Therefore, gn,K (r; r
,) is given by
gn,K (r; r
,) =
i
4kγnεα
1√
r>r<
W˜σ,γn (i2kr>)Mσ,γn (i2kr<) . (54)
Finally, the n-th component of the Green function, Gn,K, is
Gn,K =
i
8πkγnεα
ein(θ−θ
,) 1√
r>r<
W˜σ,γn (i2kr>)Mσ,γn (i2kr<) . (55)
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It is important to call attention to the fact that in the limit K → 0, this
Green function coincides with the previous one given by eq.(15). Using this
Green function and the same procedure of the previous section, we have from
eq.(41) that
Hn (k; r) =
1√
r
Mσ,γn (i2kr)−
i (1− α) ξ
2kεγnα
1√
r
W˜σ,γn (i2kr)
×
∫ ∞
0
dr,
1√
r
Mσ,γn (i2kr)Hn (k; r
,) δ (r,) . (56)
Writing the Whittaker function in terms of the hyper-geometric confluent
function and assuming that the function Hn (k; r) is well behaved at the
origin, we can show that the second term of the above equation vanishes.
Therefore, the radial part of the wave function Hn (k; r) reduces to
Hn (k; r) =
1√
r
Mσ,γn (i2kr) . (57)
So, we can conclude that the delta function potential which appears into
the Klein-Gordon equation due to non-minimal coupling does not contribute
to the scattered wave function ψ. This occurs due to the fact that the self-
interaction suppress the possibility of the particle be at the origin, even in
the case when self-interaction coupling constant is very small. Assuming
that E2 > m2, let us analyze the scattering process. To do this, let us write
Hn (k; r) in terms of the hyper-geometric confluent function Φ (a, b; i2kr)
Hn (k; r) =
1√
r
eikr (i2kr)
1
2
+γn Φ (a, b; i2kr) , (58)
where a = 1
2
+ γn − imKk and b = 1 + 2γn. Using the asymptotic behavior of
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Φ (a, b; z) , given by[7]
Φ (a, b; z)−−−−−→|z| → ∞
Γ (b) (−z)−a
Γ (b− a) +
Γ (b)
Γ (a)
ezza−b, (59)
we get the expression for the asymptotic behavior of the function Hn (k; r)
Hn (k; r)−−−−→r →∞
1√
r
cos
[
kr − mK
k
ln (2kr) + ηn − π
2
(
1
2
+ γn
)]
, (60)
where ηn = arg Γ
(
1
2
+ γn + i
mK
k
)
. From the above equation, we can obtain
the phase shift δn, which is given by
δn = ηn +
π
2
(n− γn) . (61)
Following the usual procedure, we get the following expression for the scat-
tering amplitude
f (θ) =
1√−2πk
∑
n
(
ei[2ηn+pi(n−γn)] − 1
)
einθ. (62)
As we can see, the scattering amplitude depends on the topology of the
space-time and also on the self-interaction coupling constant. When we take
K = 0 in this expression, we re-obtain the scattering amplitude computed
in [1]. An unexpected fact is that we do not get the result of the previous
section in this limit, given by eq.(33). This is associated with the fact that the
self-interaction term suppress the effect of the delta function, and if we take
the limit K = 0 after the integration in eq.(56), the final result vanishes. On
the other hand, taking this limit before integration, our result would agree
with the one given by eq.(33).
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4 Concluding Remarks
In this paper we have analyzed the relativistic quantum scattering problem
of a scalar particle by an idealized infinity straight cosmic string, take into
account a non-minimal coupling between the bosonic particle and the ge-
ometry. In this context we have an effective two-dimensional system where
naturally a delta-potential emerges. The way to deal with this problem is to
consider the dimensionless coupling as a cut-off dependent parameter, ξ (Λ) ,
in such way that ξ (Λ)−−−−−→
Λ→∞ 0, and to introduce a renormalized coupling,
ξ (M), which is finite and depend on some renormalized point M . As a
consequence the scattering amplitude acquires a logarithm dependence.
Considering an electrically charged particle in this cosmic string space-
time, we have show that the situation is completely modified by the presence
of the repulsive self-interaction. In this case the particle never reach the
cosmic string, so the delta-interaction potential does not contribute to the
scattering problem.
Finally, we want to make a brief comment about the inclusion of the self-
interaction in the Klein-Gordon equation in the case of the scattering of a
charged particleSec. If we assume that this self-interaction is the zeroth com-
ponent of the four-potential Aµ, our effective two-dimensional Hamiltonian
operator will present ill defined solution at origin, that is, at the localization
of the cosmic string, and therefore, it is necessary to discard this solution in
order to have a self-adjoint Hamiltonian operator. The others solutions are
well defined, vanishing at the origin, and so they will not be affected by the
delta-potential as well.
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